A novel finite element model is proposed to simulate reinforced concrete (RC) beams strengthened in shear by carbon fibre-reinforced polymer (CFRP) plate under cyclic loading. A spring element is developed to simulate the fracture zone based on the virtual crack in the sub-concrete material. The mass and damping matrix of the spring element is defined to model crack propagation in the sub-concrete material on nonlinear fracture mechanics under cyclic loading. A new energy release rates is computed to compare to the critical energy release rate of the sub-concrete material. A bar element is set parallel to the spring element to model the effect of the CFRP strengthened in shear and to calculate the energy dissipation rate by the CFRP based on virtual crack. The mass and damping matrix of the bar element is defined as well. When the finite element model is performed, the energy release rates can be computed simultaneously. Crack propagation can be studied with the implementation of new fracture criterion. The results of the proposed model are compared with the conventional fracture models carried out by commercial ABAQUS software based on linear elastic fracture mechanics and the previous experimental tests data. The results from the proposed model are in reasonable agreement with the results of previous experimental test.
Introduction
Fiber reinforced polymer (FRP) composites have been increasingly used in concrete structures in recent years because of their corrosion resistance, low weight, high tensile strength and large strain (Rahman, Jumat, Hosen, & Islam, 2016) . Shear strengthening of beams can be implemented quickly by external carbon fibre-reinforced polymer (CFRP). Accurate prediction of crack propagation in composite material is important to improve structural reliability, integrity, durability, and serviceability (Anyfantis & Berggreen, 2014; Beaumont & Soutis, 2016) . Furthermore, the effect strengthened in shear by CFRP on crack propagation in the sub-concrete material (Figure 1) is essential (Selman & Alver, 2015; Bruno, Greco, & Feudo, 2017) .
Over the last decade, many studies have focused on the debonding of CFRP plate (Harries, Eveslage , Aidoo , & Bro , 2010; Achintha & Burgoyne, 2011; Chen, Chen, & Teng, 2012; Hadjazi, Sereir, & Amziane, 2012; Harries, Hamilton, Kasan , & Tatar, 2012; Bruno, Greco, & Lonetti, , 2013; Diab & Farghal, 2014; Palmieri & Lorenzis, 2014) . However, to the author's best knowledge, crack propagation model of concrete beams shear -strengthened with CFRP subjected to cyclic loading is not available in the literature. Hillerborg et al. (1976) were the first to use the cohesive model to assess crack propagation in concrete structures (Brake & Chatti, 2013) . A fracture zone was found in front of the crack. This zone is known as the fracture process zone (FPZ). The FPZ is able to transfer normal and shear stress (Shahbazpanahi, 2017) . One of the most conventional interface elements to simulate the FPZ is the discrete cohesive element (Xie & Biggers, 2006) . In this element, the cohesive zone behaves as a spring. Thus, a spring element is set between interfacial node pairs along the crack line. One of the techniques to evaluate crack propagation is the virtual crack technique. This technique is conventional, popular and provides acceptable results. An accurate estimation of the energy release rate is essential to predict the crack propagation in shear-strengthening of reinforced concrete beams (Zheng. , Dai, & Fan, 2015) . In the fracture mechanics theory, the energy release rate is calculated to predict the crack propagation. In the finite element model, the energy release rate depends on the element stiffness. Therefore, in the finite element model, it is important to calculate and formulate accurate element stiffness, mass and damping matrix to predict the influence of the shear-CFRP on the propagation of the crack subjected to cyclic loading.
This research focuses on modeling of the beams strengthened in shear by CFRP and crack propagation criterion. A spring element is proposed to simulate the fracture zone based on the virtual crack in the sub-concrete material. A bar element is placed parallel to the spring element to predict crack propagation of the beams strengthened in shear by CFRP. Then, the mass and damping matrix of these elements are defined to model the crack propagation under cyclic loading. A new energy release rate is computed based on these two stiffness matrices to predict the crack propagation. In the present study, crack propagation in the concrete is of more interest than the slip between concrete and CFRP elements.
Methods and materials
Interfaces element for virtual crack Figure 2 illustrates a spring element to model the discrete cohesive element in the concrete and bar element for simulating the effect of the CFRP on crack parallel with the first one bar at the crack tip between the two nodes. These elements are set to calculate the internal forces due to cohesive zone and the CFRP. The spring and bar elements are set at the crack tip between node numbers '1' and '2'. The shear stiffness in the CFRP is zero, therefore, stiffness matrix in the local coordinate system is as follows:
where and are the shear and normal stiffness of the cohesive zone. The w c , A F and E F are the critical crack opening, CFRP area section and the elastic modulus of the CFRP, respectively. The initial CFRP length, truss element, is assumed equal to . 
where B, h and ∆ a are the beam thickness, the FPZ thickness and the element size, respectively. The E is Young's modulus and G is shear modulus of the concrete.
Mass and damping matrix of the interfaces element in the sub-concrete
Cracks require special modelling if subjected to repeated loading. A dynamic problem has to be solved if nonlinear fracture mechanics models are used. An improved damping matrix is used in such a way that it can model the propagation of a crack based on an accurate stiffness matrix. This model improves the analysis of crack propagation subjected to dynamic loading and is more accurate than other existing models. In this study, the mass matrix, M 1 , of the interface element to model crack propagation in concrete is given by:
where ρ 1 is mass density of concrete. Rayleigh damping matrix in concrete, C 1 , known as a linear combination of the mass and stiffness matrices, is:
where α 1 and β 1 are the damping coefficients.
Mass and damping matrix of the interfaces element
A bar element is proposed to simulate the effect of the CFRP on the crack. In this study, the mass matrix, M 2 , of the element of side face strengthened members by CFRP is given by:
where t F and L F are thickness and width of the CFRP element, respectively. Rayleigh damping matrix, C 2 , known as a linear combination of the mass and stiffness matrices, is,
where α 2 and β 2 are the damping coefficients. These mass and damping coefficients are calculated from modal analysis with initial stiffness by program automatically. Thus, the local coordinate system, mass and damping matrix are defined by M=M 1 +M 2 and C=C 1 +C 2 . Figure 3 shows the softening behavior of sub-concrete martial. In the present research, a triangular curve is used to model behavior of cohesive zone. The value of stiffness, , is determined as:
Crack propagation criterion
where and are the stress and opening in the softening part, respectively. On other hand:
where is the maximum opening and is tensile strength of the concrete. Substituting Eq.(8) for Eq. (7) leads to:
During the cyclic load, the stiffness of concrete is degraded. In the present study, to determine effective stiffness of concrete under cyclic loading, the stiffness of concrete is proposed as:
where is the effective stiffness of concrete at cycles. The is the number of loading cycles to failure (Li, Huang, Guo, Zheng, Lin, & Chen, 2017 ).
On other hand, the energy release rate of Mode I, G I , from Figure 3 will be:
Substituting Eq. (9) for Eq. (11) leads to:
For the CFRP on crack propagation to have an effect on the side face energy dissipation rate, a criterion is required. In the present study, the energy dissipation rate by the CFRP, G FRP , based on virtual crack is proposed as follows (Xie & Waas, 2006 ) :
where 2 and 4 are the displacement components of node "1" and node "2" in the y directions, respectively.
In the plane concrete element (without CFRP), when < , k y = is determined from Eq. (10) and the G I is determined from Eq. (12). When > , k y is equal to zero, G I = G IC and the element is removed. In both cases, the second part of Eq. (1) is set to zero. The G IC is the critical fracture energy of Mode I in the concrete. For side face strengthened elements, when ( 2 − 4 ) < , the energy release rate is (G I − G FRP ). Therefore, the crack will propagate if (G I − G FRP ) > G IC . When ( 2 − 4 ) > stiffness matrix, Eq. (1), is equal to zero, the interface elements, the bar and truss elements, are removed. A two-dimensional plane stress finite element method is used to analyze shear-strengthening of reinforced concrete beams by CFRP under cyclic loading. The behaviour of the CFRP is elastic but elastic-perfect plastic behaviour is considered to model the behaviour of the steel bars. Four-node isoparametric elements are used for concrete isotropic behaviour. The bar elements are employed to simulate the soffit CFRP in U-wrap, longitudinal steel, and stirrup. In the present study, the stress-slip between CFRP and concrete are modelled using the approach introduced by Nakaba et al. (2001) . A four -node interface element for transferring shear in nodal forces is used between the four-node isoparametric quadrilateral element concrete and CFRP element. The FEAPpv program code on nonlinear fracture mechanics is developed to analyse shear strengthening beams by CFRP under cyclic loading. The springs and bars are implemented as interfaces elements in the User Subroutine FEAPpv. To solve the non-linear problem, dynamic relaxation method is used.
Moreover, to validate the proposed model, the three dimension (3D) finite element model of beams by ABAQUS software was employed. Software such as the ABAQUS applies the linear fracture mechanics to model the crack propagation. The proposed model can be compared to the conventional CZM approach as used in analysis software such as FEA software, ABAQUS. The beam was modeled by ABAQUS software with 3469 C3DBR elements. The FRPs are modeled by using the S4 shell in ABAQUS software.
Results and discussion

Validation of crack propagation in plain concrete beam
To validate the proposed numerical method under cyclic loading, a three point bending, single edge notch concrete beam was modeled as shown in Figure 5 . This beam was tested by Brake and Chatti (2013) . The beam had a span of 400 mm, a depth of 100 mm, and a width of 100 mm. The length of initial notch was 15 mm. During the loading phase, a crack opening at a controlled loading rate of 0.0005 mm/s was used. During the unloading phase (25 N/s), force control was used. Young's modulus, Poisson's ratio and tensile strength of concrete were assumed to be 24,800, 0.18 and 2.89 MPa respectively. The parameter values of fracture were = 150 N/m, = 0.12 mm and 0 = 0.001 mm. Figure 6 depicts the FPZ length, the stress-free region length, and the crack opening mouth displacement (COMD) at the pick load by the proposed model. The COMD was 0.0524 mm while the deflection at the mid-span was 0.341 mm. The FPZ propagation reached almost three-fourth of the beam depth after the thirteenth step of loading. At the tenth step of loading, the FPZ was fully propagated and the stress-free region length appeared. Figure 7 shows the crack paths predicted by ABAQUS software at the pick load. The FPZ length was 67.11 mm. The FPZ propagation elements are shown in red colors, while the stress-free elements are displayed in black. It should be noted that the crack path is smooth. The tensile damage is defined from 0 to 1 in the ABAQUS software. The results demonstrated that the maximum value of the damage parameter is 0.99 > 0.1. Therefore, the tensile damage occurred near the notch and along the red lines as shown in Figure 7 . Figure 8 illustrates the result of the load versus crack mouth sliding displacement (CMSD) curve for the beam from the experiment by Brake and Chatti [17] , the proposed model and the ABAQUS software. The proposed model showed excellent accuracy compared to the experiment by Brake and Chatti (2013) for displacement (4.3-9.8% difference). In the ABAQUS software model, the relative error for displacement is 16.4 -23% difference compared to the experiment by Brake and Chatti (2013) . The proposed model demonstrated well the observed initial stiffness, maximum strength and softening stiffness. The data from the proposed model is compared with experimental records by Lin et al. (2014) and the numerical model by ABAQUS software in Figure 10 . The numerical results of the proposed model were in good agreement with the experimental data by Lin et al. (2014) (6-11% difference). It can be observed that failure load in the proposed model is predicted within a 7.2-10.6% margin of difference (compared to experimental data by Lin et al. (2014) ). It can be seen that the curve in the present study is similar to the experimental data. However, The curve by the Abacus software was over (higher than) the predicted results. ABAQUS software data showed a greater margin of difference (19.6-28%) compared to the experimental data by Lin et al. (2014) . In the proposed model, the beam failed by shear failure at cycle 1845. In the test by Lin et al. (2014) , the beam failed by shear failure at cycle 2005. However, the beam failed by shear failure at cycle 3625 by the ABAQUS software. Thus, the present model improved the analysis of crack propagation under dynamic load. (a)
(b)
Figures 12 (a) and 12 (b) illustrate the cracking process of the U-wrap and the control beam predicted by ABAQUS software. It can be seen that six flexural cracks occur at mid-span ( Figure 12(b) ) in the control beam. However, there are four flexural cracks in the shear-strengthened beam. The number of flexural-shear cracks is 2 in the control beam compared to no main flexural-shear cracks predicated in the beam strengthened by CFRP. The findings of the ABAQUS software showed the main diagonal crack formed at the support in the control beam but appeared through the shear span in the shear-strengthened beam. Figures 11 and 12 show that the predicted cracking process in the present study in general agreed with that of the ABAQUS software. It is noteworthy that the shear crack near the support could not be modeled well by the ABAQUS software because in the ABAQUS software only cracks on the tensile face of the beam are allowed to initiate. (Figure 13(a) Figure 13(b) , it can be demonstrated that the accuracy modeling by ABAQUS software is independent from the element size. 
Conclusions
The aim of this research was to provide the tools for developing the best and most accurate crack propagation model for the beams strengthened in shear by CFRP under cyclic load. An accurate spring element was applied to derive forces in nodes. A linear elastic bar element was used parallel to the spring element to model strengthened shear and to calculate the energy dissipation rate by the CFRP based on virtual crack. The mass and damping matrix of the bar and spring elements were defined to model crack propagation under cyclic loading. A crack propagation criterion was obtained from the strain energy release rate based on the stiffness. The model was accurate, efficient, and capable of modeling crack growth under cyclic loading. The model provides an accurate comparison of previous experimental test results. The results obtained by the proposed model showed that the length of the main shear crack was controlled by CFRP sheets before the compression zone in the beam. The numerical results of the proposed model were in good agreement with the experimental data (6-11% difference). However the curve by the ABAQUS software over-predicted the results. The ABAQUS software data showed a greater margin of difference (19.6-28%) compared to the experimental data.
